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Abstract
Partial-order reduction is a well-known technique to

copewith the state-space-explosionproblemin the verifi-
cationof concurrentsystems.Usingthehierarchical struc-
ture of concurrent systems,we presentan enhancementof
thepartial-order-reductionschemeof [12, 19]. A prototype
of the new algorithm hasbeenimplementedon top of the
verificationtool SPIN.Thefirstexperimentalresultsareen-
couraging.
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1. Intr oduction

Over the last decades,the complexity of computersys-
temshasbeenincreasingrapidly, with a tendency towards
distribution and concurrency. The correct functioning of
thesecomplex systemsis becominganever largerproblem.
Many verificationandproof techniqueshavebeeninvented
to solve this problem.An importantclassof techniquesare
thosebasedona fully automatic,exhaustivetraversalof the
statespaceof aconcurrentsystem.Well-known representa-
tivesarethevariousmodel-checkingtechniques.

An infamousproblemcomplicatinganexhaustivetraver-
salof thestatespaceof a concurrentsystemis thestateex-
plosion,causedby thearbitraryinterleaving of independent
actionsof the variouscomponentsof the system. Several
techniqueshave beendevelopedto copewith this problem.
Partial-order reductionis a very prominentone (see,for
example,[1, 7, 8, 11, 12, 18, 19, 20, 21, 22]). It exploits
the independenceof actionsto reducethe statespaceof a
systemwhile preservingpropertiesof interest.Whengen-
eratinga statespace,in eachstate,a subsetof the enabled
actionssatisfyingcertaincriteria is chosenfor further ex-
ploration.Following [12, 19], wecall thesesetsamplesets.

The traditionalapproachto partial-orderreduction(see,
for example,[12, 19]) dealswith systemsseenas an un-
structuredcollectionof sequentialprocessesrunningin par-
allel. However, many systemshave inherenthierarchical
structure,imposedeitherexplicitly by thelanguageusedfor
thesystemspecificationthatgroupsprocessesin blocksor
similarconstructs(e.g.,SDL,UML), or implicitly by thein-
terconnectionsamongprocesses.In this paper, we present
a partial-order-reductionalgorithmthatexploits thehierar-
chicalstructureof a system.

Our startingpoint is thepartial-orderalgorithmof Holz-
mannandPeled[12, 19]. This algorithmis implemented
in the verificationtool SPIN [9] andhasprovento be suc-
cessfulin copingwith the state-spaceexplosion. It is also
sufficiently flexible to allow extensions(seefor instancethe
extensionsfor timedsystemsin [4, 17]). Thealgorithmuses
a notionof safetyto selectamplesets.Thesafetyrequire-
mentis imposedvia syntacticalcriteria to avoid expensive
computationsduring thestate-spacetraversal.Thesecrite-
ria give amplesetscontainingeitherall enabledactionsof
a singleprocessor all enabledactionsof all processes.Our
idea is to introducea gradationof the safetyrequirement
basedon thehierarchicalstructureof a system.To thisend,
we introducethe conceptof a clusteringhierarchyto cap-
turethesystemhierarchyandtheinduced(in)dependencies
amongprocesses.This generalizationallows ample sets
consistingof actionsfrom different,but not necessarilyall,
processes.Our cluster-basedalgorithm is a true general-
izationof thepartial-order-reductionalgorithmof [12, 19].
It canalsobe seenasa versionof the algorithmof Over-
man[18], adaptedfor clusteringhierarchiesandLTL model
checking.We implementedouralgorithmontopof thever-
ification tool SPIN.Theresultsobtainedwith theprototype
areencouraging,in particular, consideringthatavisuallan-
guageis beingdevelopedfor SPIN[15] thatcombinesnat-
urally with ourcluster-basedreductionalgorithm.



The remainderof this paper is organizedas follows.
Section2 explains the state-space-explosionproblemand
the basicconceptsthat play a role in this paper. Section
3 presentssomeknown theoreticalresultson partial-order
reductionas well as the reductionalgorithm of [12, 19].
In Section4, we presentour cluster-basedpartial-order-
reductionalgorithm. Section5 givesexperimentalresults.
Finally, Section6 containsconcludingremarks.
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2. Preliminaries

State spacesof concurrent systems. Concurrentsystems
typically consistof a numberof processesrunningin paral-
lel. To exchangeinformation,theseprocessescommunicate
via messagesand/orsharedmemory. Theleft partof Figure
1 shows the very simpleconcurrentsystemexample. It
consistsof threeprocesses,P0, P1, andP2, eachoneexe-
cutingasequenceof two actions.Assumingthatthereis no
communicationand,thus,all actionscanbeexecutedinde-
pendently, the right part of Figure1 shows the statespace
of systemexample.

System example

P0: a0; a1;
P1: b0; b1;
P2: c0; c1;
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Figure 1. A simple concurrent system.

The numbers00 through 08, 10 through 18, and 20
through28representstatesof systemexample. Thestates
encodeall relevantinformationof example suchasvalues
of variablesandlocalprogramcounters.Theinitial stateof
thesystemis 00 (markedwith a smallarrow). The labeled
arrowsin Figure1 correspondto statechangesor transitions
of the system.The labelslink transitionsto actionsof the
system.Note that parallelarrows in Figure1 areassumed
to have identicalactionlabels.

Theexampleof Figure1 illustratesa well-known prob-
lem complicatingthe verification of concurrentsystems.
Clearly, eachof the processesin example can only be
in three different states. However, Figure 1 shows that

thecompletestatespaceof example consistsof 27 (=33)
states. The statespaceof a systemwith a fourth process
(executingtwo actions)alreadyconsistof 81 (=34) states,
whereasthe statespaceof a systemconsistingof two pro-
cessesconsistsof only 9 (=32) states. This example il-
lustratesthat the statespaceof a concurrentsystemmay
grow exponentiallyif thenumberof processesin thesystem
increases.This phenomenonis known as the state-space
explosion. Obviously, the state-spaceexplosion compli-
catesverificationtechniquesthatarebasedonanexhaustive
traversalof theentirestatespaceof a concurrentsystem.

Labeled transition systems. Thenotionof a statespaceis
themostimportantconceptin this paper. To formally rea-
sonaboutstatespaces,we introducethenotionof a labeled
transitionsystem.

Definition 2.1(Labeled transition system) A labeled
transitionsystem,or simplyanLTS,is a6-tuple

�
S���s � A ������ � L � , where

	 S is afinite setof states;
	 �s 
 S is the initial state;
	 A is a finite setof actions;
	 � : S � A � S is a (partial)transitionfunction;
	 � is a finite setof booleanpropositions;
	 L : S � 2 is astatelabelingfunction.

Thefirst four elementsin thedefinitionof anLTS have al-
readybeendiscussedin the previous paragraph.Proposi-
tionsandstatelabelsareincludedin thedefinitionbecause
they play a role whenoneis interestedin verifying specific
propertiesof a concurrentsystem.Beforeexplainingthese
last two elementsin somemoredetail,we introducesome
auxiliarynotions.Let ��� � S���s � A ����� � � L � besomeLTS.

An actiona 
 A is saidto beenabledin a states 
 S,
denoteds

a� if f � � s� a � is defined. The setof all actions
enabledin states is denotedenabled

�
s� : enabled

�
s����� a 


A � s a��� . States is a deadlock stateif f enabled
�
s����� .

In thepreviousparagraph,thenotionof a transitionhas
alreadybeenmentioned.Formally, transitionfunction � of
LTS � inducesa setT � S � A � S of transitionsdefined
asT ��� � s � a � s����� s� s��
 S  a 
 A  s�!��� � s� a�"� . To
improvereadability, wewrite s

a� s� for
�
s � a � s�#�$
 T . Be-

sidesthenumberof statesof a concurrentsystem,alsothe
numberof transitionsof thesystemis a factorcomplicating
verification.TheLTS of Figure1 has54 transitions.

An executionsequenceof LTS � is a (finite) sequence
of subsequenttransitionsin T . Formally, for any natural
numbern 
 IN, statessi 
 S with i 
 IN and0 % i % n,
andactionsai 
 A with i 
 IN and0 % i & n, thesequence

s0
a0� s1

a1� '(')' sn* 1
an+ 1� sn is an executionsequenceof

lengthn of � if f si
ai� si , 1 for all i 
 IN with 0 % i & n.

Statesn is saidto bereachablefrom s0. A stateis reachable



in � if f it is reachablefrom �s. The LTS of Figure 1 has
90 executionsequencesof lengthsix all startingfrom the
initial stateandleadingto deadlockstate28.

Propertiesof concurrent systems. Therearemany differ-
ent kinds of propertiesof concurrentsystemsthat design-
ersareinterestedin. We mentionthreewell-known classes
of properties.For eachof theseclasses,verificationtech-
niquesexist thatarebasedon anexhaustive traversalof the
statespaceof a concurrentsystem.Hence,thestate-space-
reductiontechniquepresentedin this papercan be useful
to improve theseverification techniques. In the remain-
der, neitherthedetailsof thespecificationof propertiesnor
thedetailsof theverificationtechniquesarevery important.
Hence,we only giveaninformalexplanation.

Thefirst classof propertiesis thepresenceor absenceof
deadlocks.It is clear that deadlockpropertiescanbe ver-
ified in a straightforward way by meansof an exhaustive
state-spacetraversal.

The secondclassof propertiesare the so-calledlocal
properties. Local propertiesof a concurrentsystemare
propertiesthattypically dependonly onthestateof asingle
processof thesystemor on thestateof a singlesharedob-
ject. The questionwhetheror not a statesatisfyingsome
local property is reachableis essentiallyalso verified by
meansof a state-spacetraversal. To verify whethera sys-
temstatesatisfiesa local property, it is importantto encode
all relevantinformationconcerningthepropertyin thestate
labelingof theLTS representingthestatespaceof thesys-
tem. Thus,at this point, the reasonfor including a setof
booleanpropositionsandanaccompanying statelabelingin
thedefinitionof anLTSbecomesapparent.For moredetails
on theverificationof localproperties,see[7, 11, 20].

The third classof propertiesare thoseexpressiblein
(next-time-free)Linear-time TemporalLogic (LTL). Also
LTL propertiesareformulatedin termsof thepropositions
in an LTS. It is beyond the scopeof this paperto give a
formaldefinitionof LTL; theinterestedreaderis referredto
[16]. Thetechniquefor verifying LTL formulaeis referred
to as(LTL) modelchecking.Again, thedetailsarenot im-
portant.For moreinformation,see,for example,[12].

3. Partial-Order Reduction

Section3.1 givesresults,known from the literatureon
partial-orderreduction(see,for example,[1, 7, 8, 11, 12,
18, 19, 20, 21, 22]), that areneededto prove that our re-
ductiontechniquepreservesdeadlocks,localproperties,and
next-time-freeLTL. Section3.2 presentsthe partial-order-
reductionalgorithm of Holzmannand Peled[12, 19]. In
Section3.3,webriefly discussimplementationissues.

3.1. Basictheoretical framework

The basic idea of state-space-reductiontechniquesfor
enhancingverificationis to restrictthepartof thestatespace
of aconcurrentsystemthatis exploredduringverificationin
sucha way thatpropertiesof interestarepreserved. There
areseveraltypesof reductiontechniques.In this paper, we
focus on partial-order reduction. This techniqueexploits
theindependenceof propertiesfrom thepossibleinterleav-
ings of the actionsof the concurrentsystem. It usesthe
factthatthestate-spaceexplosionis oftencausedby thein-
terleaving of independentactionsof concurrentlyexecuting
processesof thesystem(seeFigure1).

To be practicallyuseful, a reductionof the statespace
of a concurrentsystemmustbeachievedduringthetraver-
sal of the statespace. Thus, it mustbe decidedper state
which transitions,andhencewhich subsequentstates,must
beconsidered.Let ��� � S���s � A �-�.� � � L � besomeLTS.

Definition 3.1(Reduction) For any so-called reduction
function r : S � 2A, we define the (partial-order)re-
ductionof � with respectto r as the smallestLTS � r ��
Sr ���sr � A �-� r �

� � Lr � satisfyingthefollowing conditions:
	 Sr � S, �sr ���s, � r �/� , andLr � L 0 � Sr � 21� ;
	 for every s 
 Sr anda 
 r

�
s� suchthat � � s � a� is

defined,� r
�
s � a� is defined.

Note that theserequirementsimply that, for every s 
 Sr

anda 
 A, if � r
�
s � a� is defined,thenalso� � s� a � is defined

and � r
�
s � a���2� � s� a � .

It maybeclearthatnotall reductionspreserveall properties
of interest.Thus,dependingon thepropertiesthata reduc-
tion mustpreserve,wehaveto defineadditionalrestrictions
on r . To this end,weneedto formally capturethenotionof
independenceintroducedearlier. Actions occurringin dif-
ferentprocessesmaystill influenceeachother, for example,
whenthey accessglobalvariables.Thefollowing notionof
independencedefinestheabsenceof suchmutualinfluence.
Intuitively, two actionsare independentif f, in every state
wherethey arebothenabled,(1) theexecutionof oneaction
cannotdisabletheotherand(2) theresultof executingboth
actionsis alwaysthesame.

Definition 3.2(Independence)Actionsa � b 
 A with a 3�
b areindependentif f, for all statess 
 Swith s

a� ands
b� ,

	 � � s � a� b� and � � s � b� a� , and
	 � � � � s � a�4� b�5�2� � � � s � b�)� a� .

An exampleof independentactionsaretwo assignmentsto
or readingsfrom local variablesin distinctprocesses.Note
thattwo actionsaretrivially independentif thereis no state
in which they arebothenabled.It is straightforwardto see



that,in ourrunningexampleof Figure1, all actionsaremu-
tually independent.

The first classof propertieswe are interestedin is the
presenceor absenceof deadlocks. To preserve deadlock
statesof anLTS in a reducedLTS, thereductionfunctionr
mustsatisfythefollowing two conditions(calledprovisos):

C0 r
�
s���2� if f enabled

�
s����� .

C1 (persistency)For any s 
 S andexecutionsequence

s � s0
a0� s1

a1� '(')' an+ 1� sn of lengthn 
 IN 67� 0�
with ai 3 
 r

�
s� for all i (0 % i & n), actionan* 1 is

independentof all actionsin r
�
s� .

Thebasicideabehindthepersistency provisois that,during
the state-spacetraversal,transitionscausedby actionsthat
areindependentof all the actionschosenby the reduction
functioncanbeignored.

Theorem3.3(Deadlockpreservation [7, Theorem4.3])
Let r be a reduction function for LTS � that satisfies
provisosC0 andC1. Any deadlockstatereachablein � is
alsoreachablein thereducedLTS � r andviceversa.

A few remarksare in order. First, Theorem4.3 in [7]
doesnot statethat any deadlockreachablein a reduced
LTS is also reachablein the original LTS. However, this
resultfollows directly from proviso C0. Second,[7] usesa
slightly strongerdefinitionof independence.However, the
proofof Theorem4.3in [7] carriesoverto oursettingwith-
out change.Finally, several authorspresentedstate-space-
reductionalgorithmsthatpreservedeadlocks[8, 18, 20].

ConsideringFigure 1, it is easyto define a reduction
functionsatisfyingprovisosC0andC1thatreducestheLTS
of Figure1 to a singleexecutionsequencefrom state00 to
state28. Clearly, thisreductionpreservesdeadlockstate28.

The secondclassof propertieswe discussarethe local
properties. A local property is a booleancombinationof
propositionsin

�
whosetruth valuecannotbechangedby

two independentactions:That is, a property 8 is local if f,
for all statess 
 S andindependentactionsa � b 
 A such

that s
a� , s

b� , and 8 hasdifferent truth valuesin states
s and � � s� a � , the truth valuesof 8 in s andin � � s� b� are
thesame.An LTS satisfiesa local property 8 if f thereis a
reachablestatethat satisfies8 . Typical examplesof local
propertiesarepropertiesthatdependonly on thestateof a
singleprocessor sharedobject. To guaranteethata reduc-
tion of a statespacepreserves local properties,it suffices
thatthereductionfunctionr satisfiesthefollowing require-
ment(in additionto C0andC1).

C2 (cycle proviso) For any cycles0
a0� s1

a1� ')'(' an+ 1�
sn � s0 of lengthn 
 IN 6�� 0� , thereis an i 
 IN with
0 % i & n suchthatr

�
si ��� enabled

�
si � .

Theorem3.4(Local-property preservation) Let r be a
reductionfunction for LTS � satisfyingprovisosC0, C1,
andC2; let 8 bea local property. LTS � satisfies8 if f the
reducedLTS � r satisfies8 .

Proviso C2 preventstheso-called‘ignoring problem’ iden-
tified in [20]. Informally, this problemoccurswhena re-
ductionof astatespaceignorestheactionsof anentirepro-
cess.Proofsof (variantsof) Theorem3.4 canbe found in
[7, 11, 20]. In fact, thesereferencesshow that C2 canbe
weakenedif oneis only interestedin thepreservationof lo-
cal properties.Thestrongerproviso givenabove is needed
for thepreservationof next-time-freeLTL properties,which
is thethird classof propertieswe areinterestedin. For any
LTL formula 8 , prop

� 89� is thesetof propositionsin 8 .

Definition 3.5(Invisibility) An actiona 
 A is 8 -invisible
in states 
 S if f � � s � a� is undefinedor, for all :�
 prop

� 89� ,
:;
 L

�
s�=< :>
 L

� � � s � a�"� . Action a is globally 8 -
invisible if f it is 8 -invisible for all s 
 S.

Informally, an action is globally 8 -invisible if f it cannot
changethetruth valueof formula 8 .

C3 (invisibility) For any states 
 S, all actionsin r
�
s�

areglobally 8 -invisibleor r
�
s��� enabled

�
s� .

Theorem3.6(Next-time-freeLTL preservation [19, 21])
Let r be a reductionfunction for LTS � satisfying C0,
C1, C2, andC3; let 8 bea next-time-freeLTL formula. �
satisfies8 if f thereducedLTS � r satisfies8 . (See[16] for a
definitionof thesatisfactionof anLTL formulaby anLTS.)

3.2. The algorithm of Holzmann and Peled

Giventhethreetheoremsof theprevioussubsection,the
challengeis to find interestingreductionfunctionsandef-
ficient algorithmsimplementingthe correspondingreduc-
tions. A well-known reductionalgorithm is the one de-
scribedin [12, 19]. The most importantaspectsof the al-
gorithm are the following: (1) It is basedon a depth-first
search(DFS)of thestatespaceof a concurrentsystemand
(2) it usesa reductionfunctionbasedon theprocessstruc-
tureof thesystem.For details,thereaderis referredto the
original references[12, 19]. In this paper, we concentrate
on the reductionfunction. To this end,we introducea no-
tion of processesin our framework of LTSs.

Let �?� �
S���s � A �-��� � � L � be an LTS. We assumethat

a setof processes@ is associatedwith � asfollows. Each
P 
A@ is a setof actions,i.e., P � A. We requirethat
theprocessespartitionthesetof actions:A �2B P CED P and,
for all P � Q 
2@ with P 3� Q, P 0 Q �F� . Function
Pid : A � @ givesfor eachactionthe processit is con-
tainedin. Not every partitioningof actionsis a meaningful



processstructure.Concurrency within processesis not al-
lowed.Thus,werequirethat,for any pairof distinctactions
a � b 
 A belongingto thesameprocessin @ andany state
s 
 S suchthat a � b 
 enabled

�
s� , b 3 
 enabled

� � � s� a �"� .
That is, eachtwo actionsfrom a single processthat are
simultaneouslyenabledin a given statemustdisableeach
other. Clearly, this restrictiondisallowsconcurrency within
processes,whereasit doesallow choices.

Thefollowing definition is crucial in theformulationof
the abovementionedreductionfunction. It dependson the
classof propertiesoneis interestedin.

Definition 3.7(safety) An actiona 
 A is safeif f it is in-
dependentfrom any (other)actionb 
 A with Pid

�
b�=3�

Pid
�
a� . An actiona 
 A is safefor a givennext-time-free

LTL formula 8 if f it is independentfrom any actionb 
 A
with Pid

�
b�G3� Pid

�
a� andglobally 8 -invisible.

As mentioned,thealgorithmof [12, 19] performsthereduc-
tion of thestatespaceduringa DFS.A DFSusesa stack to
storepartially investigatedstates.Thereductionis obtained
by definingfor eachstatea so-calledampleset. Note that
thedefinitionusessafetyand,hence,dependson thepartic-
ularclassof propertiesto beverified.

Definition 3.8(Reduction function ample) Let s 
 S.
Consider the set SP of processesP 
H@ such that
enabled

�
s�G0 P 3�I� , for all a 
 enabled

�
s�G0 P, a is

safe(for somenext-time-freeLTL formula 8 ), and � � s � a�
is not on the DFS stack. If SP is empty, then define
ample

�
s��� enabled

�
s� ; otherwise,chooseanarbitraryele-

mentP of SPanddefineample
�
s�J� enabled

�
s�K0 P. Set

ample
�
s� is saidto betheamplesetfor s.

It is notdifficult to verify thatreductionfunctionamplesat-
isfiesprovisosC0 throughC3 givenin theprevioussubsec-
tion. C0 followseasilyfrom Definition 3.8. C1 andC3 fol-
low from thesafetyrequirementin Definition 3.8. Finally,
C2 follows from the requirementin Definition 3.8 that the
stateresultingfrom theexecutionof anactionin theample
setcannotbeontheDFSstackunlesstheamplesetconsists
of theentiresetof enabledactions.As aresult,thereduction
via amplepreservesdeadlocks(Theorem3.3),localproper-
ties(Theorem3.4),andnext-time-freeLTL (Theorem3.6).

3.3. Implementation in SPIN

SPIN [9] is a tool supportingthe automaticverifica-
tion of deadlock-,local-,andnext-time-freeLTL properties.
Specificationsof concurrentsystemarewritten in the lan-
guagePROMELA. Thepartial-order-reductionalgorithmof
[12, 19] hasbeenimplementedin SPIN. To allow for the
efficient computationof ample setsduring a DFS, suffi-
cient conditionsfor the safetyof actionsarederived from

the PROMELA specificationbeforestartingthe DFS (see
[12]). For instance,a sufficient conditionfor the safetyof
anactionthatcanbederivedfrom a PROMELA specifica-
tion is thatit doesnot touchany globalobjectssuchasvari-
ablesor communicationchannels.Anothergoodreference
for readersinterestedin implementationissuesconcerning
partial-orderreductionis [7].

4. Cluster-basedPartial-Order Reduction

We motivateour improvementof partial-orderreduction
by meansof two differentspecificationsof the samecon-
currentsystemgivenin Figure2. Specificationexample1
hastwo global variablesandfour processes,eachof them
executinga singleactionassigninga valueto oneof these
variables.Clearly, noneof theactionsis independentof all
theotheractions,which by Definition 3.7 meansthatnone
of the actionsis safe. Thus, reductionfunction ampleof
Definition 3.8 yields no reduction. The interestedreader
could verify that the LTS correspondingto the concurrent
systemhas25statesand40 transitions.

Specificationexample2 in Figure2 is avariantof ex-
ample1 with the processesclustered in pairs. The two
clustersencapsulatethe dependenciesbetweenprocesses.
As a result,all actionswithin oneclusterare independent
of all actionswithin theotherone. Our ideais to augment
anLTS with a hierarchyof clustersandto generalizeDefi-
nitions3.7and3.8to clusters.Thus,it is possibleto reduce
thestatespaceof thesystemof Figure2 to anLTS that in-
cludesall interleavings of actionswithin clustersC0 and
C1 but only a singleinterleaving of actionsfrom different
clusters(seeFigure 2), while preservingall propertiesof
interest.

Let ��� � S�E�s � A �-��� � � L � beanLTS with processes@ .

Definition 4.1(Clustering) A clusterof processesin @ is
simply a setof processes.A clustering L�� 2D of @ is a
setof clusterspartitioning @ , i.e., @M�NB C C�O C and,for all
C � D 
PL with C 3� D, C 0 D �2� . A clusteringhierarchyQ

for @ is a finite orderedset �RL 0 ��L 1 ��'(')'(��L n* 1 � , where
n 
 IN 6S� 0� , of clusteringsof @ suchthat, for all i 
 IN
with 0 & i & n,
	 � L i ��&�� L i * 1 � and
	 for eachC 
/L i * 1, thereexists a D 
TL i suchthat

C � D.

For any i 
 IN with 0 % i & n, clusteringL i is calledlevel
i of thehierarchy. Level L i is above level L j if f i U j ; it is
below L j if f i & j .

Clearly, Definition 4.1 implies that eachlevel in a clus-
tering hierarchyis a coarseningof all lower levels. Also
note that the maximum number of levels in a cluster-
ing hierarchy is limited by the number of processesin



System example1

int u, v;
P0: a(u:=0);
P1: b(u:=1);
P2: c(v:=0);
P3: d(v:=1);

System example2

C0: int u;
P0: a(u:=0);
P1: b(u:=1);

C1: int v;
P2: c(v:=0);
P3: d(v:=1);
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Figure 2. Two specifications of a concurrent system and a reduced state space .

@ . A clustering hierarchy for example2 consisting
of three levels (numbered0, 1, and 2) is the follow-
ing: �"�"� P0�)��� P1 �)�-� P2�)��� P3 �"�)�-� C0 �H� P0 � P1 �)� C1 �
� P2 � P3�"�)�-�R� P0 � P1 � P2 � P3�"�R� .

Let
Q ���WL 0 �E'('('(��L n* 1 � , with n 
 IN 6�� 0� , bea cluster-

ing hierarchyfor @ . For all i 
 IN with 0 % i & n, function
CidX i Y : @Z�[L i yieldsfor a givenprocessthelevel-i clus-
ter it belongsto; that is, givena processP 
\@ andlevel
i 
 IN with 0 % i & n, CidX i Y � P �]� C with C 
^L i the
uniqueclustersuchthat P 
 C.

Definition 4.2(Level-i safety) Let i 
 IN with 0 % i & n.
Action a 
 A is level-i safe(for agivennext-time-freeLTL
formula 8 ) if f it is independentof any actionb 
 A with
CidX i Y � Pid

�
b�"�G3� CidX i Y � Pid

�
a�"� (andglobally 8 -invisible).

In theaboveclusteringhierarchyfor example2, all actions
arelevel-1and(trivially) level-2safe,but not level-0safe.

Given a cluster C �_@ , let actions
�
C �A�`B P C C P.

Furthermore,for any states 
 S, let enabled
�
s � C �a�

actions
�
C �!0 enabled

�
s� .

Definition 4.3(Reduction function cample) Let s 
 S.
Let, for eachlevel L i 


Q
, SCi bethesetof clustersC 
PL i

suchthat enabled
�
s � C �^3�;� , for all a 
 enabled

�
s � C � ,

a is level-i safe(for somenext-time-freeLTL formula 8 ),
and � � s� a � is not on theDFSstack.If thesetSCi is empty
for all levels L i , thendefinecample

�
s�7� enabled

�
s� ; oth-

erwise, choosea level L i such that the set SCi is non-
empty, selectan arbitrary elementC of SCi , and define
cample

�
s��� enabled

�
s � C � .

It is interestingto observethatfunctionampleof Definition
3.8 is a specialcaseof function campleof Definition 4.3
with a trivial hierarchyof only one level that consistsof
trivial clusterseachcontainingonly oneprocess.

Theorem4.4 Thereductionof anLTS obtainedvia reduc-
tion functioncampleof Definition 4.3preservesdeadlock-,
local-,andnext-time-freeLTL properties.

Proof. It is straightforward to prove that camplesatisfies
provisosC0,C1,C2,andC3of Section3.1.Thearguments

arethesameasin Section3.2,whereit is arguedthatfunc-
tion ampleof Definition 3.8 satisfiestheseprovisos. The
desiredresultfollowsfrom Theorems3.3,3.4,and3.6. b
Consideragaintheconcurrentsystemof Figure2. Thefig-
ureshowsareducedstatespaceof thissystem.In eachstate,
the valuesof variablesu andv aregiven with c meaning
thatavalueis undefined.Thesetsof actionschosenin each
stateareamplesetsasdefinedby functioncampleof Defini-
tion 4.3. Thereducedstatespacehas13 statesand12 tran-
sitions. This meansreductionsof thecompletestatespace,
consistingof 25 statesand40 transitions,of 48%in states
and70% in transitions. (Recall that standardpartial-order
reductionyieldsno reductions.)

In practice, the largest state-spacereductionsare ob-
tainedby choosingthe amplesetsassmall aspossible.A
simplewayto obtainsmallamplesetsis to searchthelevels
in a clusteringhierarchyfor suitableclustersin increasing
order.

Anotherpracticalissueis how to obtainusefulclustering
hierarchies.Sucha clusteringshouldmaximizethedepen-
denciesbetweenprocesseswithin a clusterand minimize
the dependenciesbetweenclusters. It is our aim to ob-
tainsuchhierarchiesstatically, derivedfrom theconcurrent-
systemspecification.In thatway, we avoid theoverheadof
forming a hierarchyon-the-flyby inspectingdependencies
betweenprocessesduringtheDFS.Onepossibilitytoderive
ahierarchyin astaticway is to preprocessthesystemspec-
ification and to clusterprocessesbasedon sharedobjects.
Anotheroption is to usethe existing hierarchicalor mod-
ular structureof a specification;many contemporaryspec-
ification and modelinglanguagessuchas UML and SDL
includestandardhierarchicalstructuringmechanisms.A fi-
naloptioncouldbetheuseof advancedstatisticalclustering
techniques(basedon run-timeinformation)asdescribedin
[14].

5. Experiments

To validate our cluster-basedreductionalgorithm, we
implementeda prototypeon top of the verification tool
SPIN,version3.2.4. We appliedour prototypeimplemen-
tation to several examples. SincePROMELA, the input



withoutPOR standardPOR cluster-basedPOR
N states trans time states trans time states % trans % time

2 65 108 0.1 60 76 d 0.1 30 50 30 61 d 0.1
3 329 784 0.1 304 480 d 0.1 66 78 66 86 d 0.1
4 1657 5216 0.1 1532 2908 0.1 138 91 138 95 d 0.1
5 8313 32680 0.9 7688 17064 0.7 282 96 282 98 d 0.1

Table 1. Results for the best-case example .

Client00 Client01 Client11Client10

Root

Join req1req0

Join0

ack00
req00 req01

ack01

ack0
Join1

ack11

ack1

req10
ack10

req11

req ack
level clusters

2 � C00,C01,C10,C11,
J0,J1,J� , � R�

1 � C00,C01,J0� ,
� C10,C11,J1� ,
� J� , � R�

0 � C00� , � C01� ,
� C10� , � C11� ,
� J0� , � J1� , � J� , � R�

Figure 3. The Parity Computer .

languageof SPIN, doesnot supportmodular design,we
provided the clusteringhierarchiesourselves (basedon a
straightforwardinformalanalysisof theexamples).Our fo-
cusis on the generationof statespaces;we did not verify
any properties.Thegoal of the experimentsis to compare
reductionsin statesand transitionsobtainedvia our algo-
rithm with reductionsobtainedvia SPIN’s standardpartial-
order reduction. As may be expected,similar to standard
partial-orderreduction,ouralgorithmperformsbestfor sys-
temswith a largeamountof concurrency. In all cases,we
observe significantly larger reductionsthan the onesob-
tainedwith standardpartial-orderreduction. Moreover, in
all cases,our algorithm reducesverification times. The
overheadof upgradingthestandardpartial-order-reduction
engineis marginalizedby the gain in time becauseof the
smallernumberof generatedstatesandtransitions.

In theremainder, we show theresultsof threecasestud-
ies. The experimentswere performedon a Sun Ultra-10
machine,with a 299 MHz UltraSPARC-IIi processorand
128MB of mainmemory, runningtheSunOS5.6operating
system.All theverificationtimesaregivenin seconds.

Best-caseexample.Ourfirst casestudyconsistsof variants
of systemexample2 of Figure2. Thesystemsweverified
consistof N pairsof processesandN variables,eachpair
sharingoneof thesevariables.The systemwith N=2 cor-
respondsto systemexample2. Table1 shows theresults,
includingthereductionsin statesandtransitionsin percent-
agescomparedto SPIN with standardpartial-orderreduc-
tion. Thenumbersdeviatefrom thetheoreticalresultsgiven
in Section4 dueto implementationdetailsof SPIN.SPIN
addsto eachprocessa specialend transitionthat is inde-

pendentof all othertransitions.ThestandardSPINpartial-
orderreductioncapturesthe independenceof thesespecial
endtransitions.Our prototypeimplementationtakes,in ad-
dition, advantageof the independenceof sometransitions
involving sharedvariables,asexplainedin Section4. We
usedahierarchyof two layers,with thenontrivial layercon-
sistingof clustersthatcoincidedwith processpairs.

Parity Computer. The secondexample, taken from [2],
modelsa Parity Computerwith a treestructure. The sys-
temconsistsof a root module,N client modulesasleaves,
andjoin modulesasintermediatenodes.The systemwith
N=4 is shown in Figure3. Thefigurealsoshows a cluster-
ing hierarchythatis immediatelyderivedfrom themodular
structureof theParity Computer.

A client processstartswith nondeterministicallygener-
atinga bit valuethat it putsinto the requestvariablethat it
shareswith its parentjoin module.Subsequently, it contin-
uouslywaits for anacknowledgmentfrom its parent.Each
time it receivesan acknowledgment,it againsendsan ar-
bitrary bit valueto its parent.A join processcomputesthe
parity (XOR) of its two inputsandtransmitsit upwardsto
its parent,while, simultaneously, sendingan acknowledg-
mentto its children.Eventually, parity bits aredeliveredto
theroot process.

Consideragainthe examplein Figure 3. Our cluster-
basedpartial-order-reductionalgorithmtakesadvantageof
thefactthatajoin processcommunicateswith its parentand
its children in alternatingorder. Becausethe clusterwith
root Join0is independentof theclusterwith root Join1,we
canreducethestatespaceby basicallyserializingthetran-
sitionsinternal to oneof theseclusterswith thoseinternal



standardPOR cluster-basedPOR
N states trans time states % trans % time

4 1749 4798 0.1 1294 26 2352 51 0.1
5 7933 27012 0.8 3938 50 6775 75 0.3
6 69615 288678 10.0 21620 69 38372 86 0.6
7 320095 1213520 47.3 25228 92 44730 98 1.6
8a 2782640 15381300 621.2 30377 99 55828 e 99 2.1

aBecauseof the large memoryrequirements,this experimentwasperformedon a SunUltra-Enterprisemachinewith three248 MHz UltraSPARC-II
processorsand2304MB of mainmemory, runningtheSunOS5.5.1operatingsystem.

Table 2. Results for the Parity Computer .

A K B

D L C

standardPOR cluster-basedPOR
states trans time states % trans % time

16384 67073 3.6 12897 21 44460 34 1.1

Figure 4. Concurrent Alternating-Bit Protocol.

to theotherone.SPIN’s standardreductionalgorithmdoes
notgiveany reductionbecauseall transitionsinvolveglobal
variables. As Table 2 shows, the reductionwith cluster-
basedpartial-orderreductionis quiteimpressive.

Thereductionwith cluster-basedpartial-orderreduction
is slightly worse(thoughof the sameorderof magnitude)
than the reductionreportedin [2] for the sameexamples,
obtainedwith theNext heuristic.However, it is difficult to
draw any final conclusionsaboutthecomparativeefficiency
of thetwo techniquesbasedonly onthisoneexample.First,
the input languagesin which the modelsarespecifiedare
different,whichinevitably leadsto differencesin themodel.
Second,the Parity-Computerexample is one of the best
casesfor the Next heuristicand,asthe authorsnotethem-
selves in [2], thereare many examplesfor which partial-
orderreductiongivesbetterresultsthantheNext heuristic.

Concurrent Alter nating-Bit Protocol. Finally, we con-
sider the Concurrent Alternating-Bit Protocol (CABP)
of [13]. TheCABPhassix components,asdepictedin Fig-
ure4. Eachcomponentis modeledasaseparateprocess.

The CABP usesthe standardalternating-bitschemeto
avoid communicationerrors. ComponentA fetchesdata
from its environment and transmitsthis data repeatedly
through channelK until an acknowledgmentis received
from D. A doesnot wait for a negativeresponsebeforere-
transmitting.ChannelK is unreliablein thesensethatit can
corruptor losedata.Theroleof B is to forwardsuccessfully
receiveddatato theenvironment;eachcorrectreceptionis
acknowledgedto C. C transmitsacknowledgmentsrepeat-
edlyviaunreliablechannelL. D receivesacknowledgments
from L andpassesthemto A.

As for theParity Computer, alsofor theCABP thestan-
dardreductionalgorithmdoesnot produceany reduction;
all transitionsinvolve communicationsthroughglobalsyn-

chronous(rendez-vous)channels.Thecluster-basedreduc-
tion algorithm,however, capitalizeson part of the concur-
rency betweenthesystemmodules,astheresultsin Figure
4 show. The hierarchyconsistsof two levels, with non-
trivial level � A� , � K � B � , � C � , and � L � D � . This clustering
exploits the independencebetweensomeof the actionsin
cluster � K � B � andthoseoutsidethis cluster, aswell asthe
independencebetweensomeactionsin cluster � L � D � and
thoseoutside� L � D � . The implementationis suchthat no
otherprocessclusteringimprovestheresults.

6. Conclusion

Themaincontributionof thispaperis anenhancementof
thepartial-order-reductionschemeof [12, 19]. Usingthein-
herentstructureof concurrentsystems,we improvetheway
thesafety(i.e., independenceandinvisibility) of actionsis
determinedsyntacticallyduringthecompilationof thesys-
temspecification.Theresultingamplesetsmaycontainac-
tionsfrommorethanoneprocess.Althoughamplesetswith
actionsfrom severalprocesseshavebeenconsideredearlier
(e.g.,[1]), to thebestof ourknowledge,theideaof exploit-
ing hierarchicalsystemstructureis not presentin the liter-
ature. We implementedour algorithmon top of SPIN,by
upgradingSPIN’s standardpartial-order-reductionengine.
The prototypeimplementationhasbeentestedon several
examplesknown from theliteratureandtheobtainedresults
are encouraging: Comparedto SPIN’s standardpartial-
order-reductionalgorithm, significantly larger reductions
of statespacesareobtainedandverification timesarede-
creased.

It will be interestingto seehow our approachworks
in combinationwith otherstate-space-reductionheuristics.
Following [6], it is easyto show thatour techniqueis fully



compatiblewith symmetryreduction. The two techniques
are orthogonalbecausethey exploit different featuresof
concurrentsystems. We agreewith the conjecturein [2]
that partial-orderreduction(andalsoour enhancement)is
compatiblewith the Next heuristic. It seemsthoughthat
cluster-basedpartial-orderreductionandtheNext heuristic
arenot fully orthogonal,becausethey captureto someex-
tent thesameredundanciesin statespaces.It is interesting
to studytherelationbetweentheNext heuristicandcluster-
basedpartial-orderreductionin moredetail.

The main task in the near future is to fully automate
our implementation.In the currentprototype,the cluster-
ing hierarchyandsafetylevelsmustbe includedmanually.
A fully automaticimplementationwill allow us to testthe
implementationon larger, real-world examples. We also
planto take advantageof theimprovedpartial-orderreduc-
tion [10] introducedin the latestreleasesof SPIN,aswell
asthe introductionof V-Promela[15]. Anotherinteresting
topic is the studyof clusteringheuristics(see,e.g., [14]).
Goodclusteringheuristicsmight actuallyyield betterclus-
tering hierarchiesthan the onesobtainedfrom the hierar-
chicalstructurespecifiedby a systemdesigner. Finally, our
cluster-basedalgorithmis compatiblewith the upgradeof
SPIN’s enginefor timedsystemsfrom [4]. It is very likely
thatit canbecombinedwith techniquesfor partial-orderre-
ductionfor timedautomata[3, 5, 17].
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